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Abstract

The applicability of a simplified procedure, namely mode-adaptive bidirectional

pushover analysis (MABPA), to the prediction of the non-linear peak response of

a multistory asymmetric building subjected to bidirectional excitation is dis-

cussed. The first part of the paper summarizes the formulation of 2 independent

equivalent single-degree-of-freedom models representing the first and second

modal responses. The relationship between the critical assumptions of MABPA

and the torsional index defined based on mode shape is then discussed. In the

latter part of the paper, non-linear time-history analyses of 4-story torsionally

stiff (TS) or torsionally flexible asymmetric buildings are described, and the

results are compared with the predictions. The results show that MABPA predicts

the peak response displacement of only the TS asymmetric buildings satisfacto-

rily. Therefore, MABPA should be considered applicable only to TS buildings. The

applicability of MABPA to a given asymmetric building may be evaluated by

using the torsional indices of the first 3 modes.

Keywords

bidirectional seismic input, equivalent SDOF model, mode-adaptive bidirectional
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1. Introduction

1.1 Background

Buildings with highly irregular plans (hereinafter, asymmetric
buildings) tend to be vulnerable to earthquakes.1-3 When con-
ducting a seismic assessment of an asymmetric building, the
effect of simultaneous excitation should be considered prop-
erly: it is essential to perform 3-dimensional analyses that con-
sider all possible directions of seismic inputs. The most
rigorous method for evaluating the seismic response of a build-
ing is the non-linear dynamic (time-history) analysis of a mul-
tiple-degree-of-freedom (MDOF) model. However, this
approach is very time consuming and requires huge computa-
tional effort to evaluate the response to all possible directions
of seismic intensity and incidence of seismic input. Instead,
simplified non-linear analytical procedures that combine the
non-linear static (pushover) analysis of an MDOF model and
the response spectrum analysis of an equivalent single-degree-
of-freedom (SDOF) model are available.4-6 Implemented
widely in seismic design codes and seismic evaluation
schemes,7-10 these procedures work well for buildings that
oscillate predominantly with a single mode.

In the author’s opinion, non-linear time-history analyses may
not be suitable for the common structural design work carried
out in most design offices. Instead, the simplified procedures
are more suitable for common structural designers and ana-
lysts. This is because such procedures provide basic informa-
tion about the building being analyzed, thereby helping the
designers and analysts to understand its non-linear seismic
behavior such as its pushover curve and the non-linear proper-
ties of the equivalent SDOF model in the acceleration-displa-
cement format.6 Therefore, these simplified procedures must
be extended to asymmetric buildings considering the effect of
simultaneous excitation from all possible directions of the seis-
mic input.

1.2 Review of previous work and problems to be investigated

The influence of the direction of incidence of the seismic input
on the response of the building has been investigated previ-
ously, both analytically11-24 and experimentally.25 The results
of these investigations suggest that the critical direction (ie,
the one that produces the largest response) may not necessarily
coincide with one of the main orthogonal axes of the building.
To evaluate the largest response under bidirectional horizontal
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excitation, L�opez and Torres18 proposed a method wherein the
spectra of the major and minor components of horizontal
ground motion are assumed identical.
In recent decades, the author and other researchers worked

to extend these simplified procedures to improve the seismic-
performance estimates of buildings with plan or elevation
irregularities or both.26-55 Recent investigations of the exten-
sion of this simplified procedure to an irregular structure were
conducted by Lavan and De Stefano56 and Zembaty and De
Stefano.57 The research over the past decade on the seismic
behavior of irregular buildings were reviewed by De Stefano
and Pintucchi58 and Anagnostopoulos et al.59 Most of those
studies focused on extending the simplified procedure to asym-
metric buildings with regular elevation, while a few studied
asymmetric buildings with setbacks.27,30,36,55

From the author’s point of view, there are 4 possible
approaches to predict the peak response of an asymmetric
building while considering torsional effects. The first is to
combine non-linear pushover analysis and linear dynamic anal-
ysis.28-36 The second is to combine non-linear pushover analy-
sis (representing several modal responses) and either the
square root of sum of squares (SRSS) or the complete quadra-
tic combination (CQC), as proposed by Chopra and Goel.37-43

The third approach is to combine 2 pushover analyses and
envelope the results, as proposed by Bosco et al.44,45 The
fourth approach is to combine the analyses of 2 independent
equivalent SDOF models (representing the first and second
modes) and the envelope of 4 pushover analyses (including the
effect of bidirectional excitation).50-55

The first approach, known as the extended N2 method, is the
extended version of the simplified procedure proposed by Faj-
far and Fischinger.5 It involves estimating the peak response
of each frame from pushover analysis results multiplied by a
“correction factor” that is defined using linear dynamic analy-
sis and pushover analysis results.28,29,31,32 The extended N2
method has been examined and verified in various studies.30,33

In this method, the elastic envelope of lateral displacement is
assumed conservatively with respect to the inelastic envelope,
as noted by De Stefano and Pintucchi.60 They pointed out that
this assumption may be invalid for structures characterized by
very high torsional stiffness. Isakovic and Fischinger61 per-
formed shaking table tests on a reinforced concrete (RC)
bridge structure and showed that the extended N2 method
failed to estimate the peak response under high seismic inten-
sity because it did not consider changes in the fundamental
mode. Note that the latest version of the extended N2
method31,32 assumes that (i) the correction factor in the verti-
cal plane is independent of the position in the horizontal plane
and (ii) the correction factor in the horizontal plane (torsional
effect) is independent of the floor level and is determined
based on the displacement at the roof (top floor). The latter
assumption may be invalid for an asymmetric building with a
setback, where the centers of mass of all the floors do not lie
along the same vertical axis.
The second approach, known as modal pushover analysis

(MPA), was proposed by Chopra and Goel62 for regular build-
ings considering the effect of higher modes, and was then
extended to asymmetric buildings.37 It was extended further by
Reyes and Chopra,38,39 who considered the effect of bidirec-
tional excitation. In MPA, the seismic response is estimated
using (i) the pushover analysis of an MDOF model with an
invariant force distribution based on each elastic mode shape,
(ii) the estimation of the peak response of the independent
equivalent SDOF models, and (iii) the combination rules that

are usually applied in linear analysis (ie, SRSS or CQC). How-
ever, Manoukas et al.40,41 proposed a concept of the equivalent
SDOF model that differed from that proposed by Chopra:
Manoukas et al. considered the effect of bidirectional excita-
tion in the formulation of the equivalent SDOF model. From
the author’s point of view, the applicability of MPA depends
strongly on whether the mode shape changes significantly in
the elastic range. To overcome the shortcoming of MPA,
Belejo and Bento42 applied an improved pushover analysis
(IMPA)—a modified version of MPA that considers changes
in mode shape in the inelastic regime—to buildings with 3 and
9 stories. It is interesting that the IMPA approximates the
mode shape in the inelastic regime via several iterations of
conventional (non-adaptive) force-based pushover, which may
be easy to apply in common design work.
As proposed by Bosco et al.,44 the third approach estimates

the peak response of the frames on the stiff side and that of
the frames on the flexible side by enveloping the results of 2
pushover analyses. Bosco et al. investigated the applicability
of this procedure to multistory building models with the same
geometry on each floor.45 In this procedure, “corrective eccen-
tricity” is the key parameter in the pushover analyses. This
may be a promising approach because the various possible col-
lapse mechanisms resulting from the combination of several
modal responses can be properly predicted using a combina-
tion of different force distributions. However, because the cor-
rective eccentricity is formulated using the parameters of a
single-story building model, and because the reliability of its
formulation relies strongly on the results of many numerical
examples of single-story asymmetric building models, it may
be difficult to apply this method to more general cases, such
as a multistory building with dual systems (ie, a moment-
resisting frame and structural walls) or various dampers, and
multistory buildings with setbacks.
The fourth approach was proposed by the author.46-55 In this

article, this simplified procedure is called mode-adaptive bidi-
rectional pushover analysis (MABPA). It involves evaluating
the peak responses of the first and second modes independently
from the equivalent SDOF models formulated considering the
principal direction of the first modal response. The prediction
of the peak response at each frame is based on a set of push-
over analyses considering the combination of the 2 modal
responses. The first version of MABPA50 was applicable only
to asymmetric buildings with regular elevation and the same
geometry on each floor designed according to the weak-beam/
strong-column concept. This was because a conversion step
was required from the multistory building model to an equiva-
lent single-story model. However, in the latest version of
MABPA,53 the following 3 modifications were made. First, the
multistory building model can now be converted directly to
equivalent SDOF models because of the development of dis-
placement-based mode-adaptive pushover (DB-MAP) analysis
for a multistory frame structure, which can account for
changes in the mode shape at each non-linear stage. Second,
for the conservative prediction of the largest peak response
considering all possible incident directions of seismic input,
the spectra of the major and minor components of horizontal
ground motion are assumed identical. Third, for obtaining bet-
ter estimates when the change in the principal direction of the
first modal response beyond the elastic regime is significant,
this change is considered in each non-linear stage. Note that
the second modification, namely, the identical-component
assumption, is the same as that discussed by L�opez and Tor-
res18 for elastic spectrum analysis. This latest version of
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MABPA successfully predicted the peak response of asymmet-
ric buildings with hysteresis dampers,54 in which the change in
the mode shape beyond the elastic regime was significant. It
also predicted the peak response of asymmetric buildings with
bidirectional setbacks designed according to the weak beam/
strong column concept.55

Although the latest version of MABPA can successfully pre-
dict the peak response of asymmetric buildings, it requires 2
critical assumptions. The first is that the building oscillates pre-
dominantly in a single mode in each set of orthogonal direc-
tions, and the second is that the principal directions of the first
and second modal responses are almost orthogonal. Previous
work on a single-story asymmetric building model63 has shown
that these assumptions may be valid when the building in ques-
tion is torsionally stiff (TS) in both orthogonal directions, but
these 2 assumptions are invalid for most torsionally flexible
(TF) structures. However, when assessing the applicability of
MABPA to a given asymmetric multistory building, another
problem arises. According to Hajal and Chopra,64 a structure is
classified as TS or TF based on Ωh, the ratio of the uncoupled
torsional circular frequency with respect to the center of stiff-
ness to the uncoupled lateral circular frequency of the torsion-
ally balanced system. Unfortunately, Ωh can be evaluated
rigorously only for single-story asymmetric buildings (and mul-
tistory asymmetric buildings that satisfy certain conditions).
Another finding from a previous work63 is that the torsional
index Rqi of each mode is a key parameter in classifying a
structure as TS or TF. For all TS systems analyzed in the previ-
ous work,63 the torsional indices Rq1 and Rq2 of the first and
second modes, respectively, were less than unity, whereas the
torsional index of the third mode (Rq3) was greater than unity.
Therefore, the expectation is that the torsional indices can pro-
vide a quantitative way to assess the applicability of MABPA
to a given multistory asymmetric building model. This problem
is investigated in the present work.

1.3 Objectives

In this article, the ability of MABPA53 to predict the peak
response of TS and TF asymmetric buildings with regular ele-
vation is assessed, and the limitations of MABPA are dis-
cussed based on the torsional indices of the first 3 modes.
In Section 2, 2 independent equivalent SDOF models repre-

senting the first and second modal responses are formulated.
This is followed by a discussion on the relationship between
the critical assumptions of MABPA and the torsional index
based on mode shapes. In Section 3, non-linear time-history
analyses of 3 four-story TS and TF asymmetric buildings are
described, and the results are compared with predictions. In
Section 4, a quantitative assessment of the applicability of
MABPA to 6 asymmetric building models using the torsional
indices of the first 3 modes is presented.
Note that this article focuses on the accuracy of MABPA for

predicting the peak responses of TS and TF asymmetric build-
ings, and that only the case in which the spectra of the major
and minor components of horizontal ground motion are identi-
cal is considered. Hence, there is no discussion regarding the
influence of the incident direction of seismic input on the
responses of TS and TF asymmetric buildings.

2. Description of MABPA

2.1 Equations of the equivalent SDOF model

The equations of motion of the equivalent SDOF model repre-
senting the first and second modal responses are formulated

below.53 Figure 1 shows a plan view of the multistory asym-
metric building model with N stories.
Considering a set of ξ and ς axes in the X-Y plane and the

angle w as shown in Figure 1, the equations of motion for an
N-story asymmetric-frame building model can be written as
follows:

M€dðtÞ þ C _dðtÞ þ fRðtÞ ¼ �M anagnðtÞ þ a1ag1ðtÞ
� �

; ð1Þ

M¼
M0 0 0
0 M0 0
0 0 I0

2
4

3
5;M0 ¼

m1 0

. .
.

0 mN

2
64

3
75; I0 ¼

I1 0

. .
.

0 IN

2
64

3
75;
ð2Þ

d ¼ x1 � � � xN y1 � � � yN h1 � � � hNf gT
fR ¼ fRX1 � � � fRXN fRY1 � � � fRYN fMZ1 � � � fMZNf gT;

�
ð3Þ

an ¼ cosw � � � cosw � sinw � � � �sinw 0 � � � 0f gT:
a1 ¼ sinw � � � sinw cosw � � � cosw 0 � � � 0f gT

�
ð4Þ

In Equation (1), M is the mass matrix; C is the damping
matrix; d(t) and fR(t) are the displacement and restoring force
vectors, respectively; agξ and agς are the ground accelerations
of the ξ and ς components, respectively; and mj and Ij are the
mass and mass moment of inertia of the j-th floor, respec-
tively.
Let ui in Equation (5) be the i-th mode vector of an asym-

metric building:

ui ¼ /X1i � � � /XNi /Y1i � � � /YNi /H1i � � � /HNif gT:
ð5Þ

In Equation (5), /Xji, /Yji, and /Θji are the X-, Y-, and
rotational components, respectively, of the i-th mode vector
at the j-th floor. In this article, a “purely translational mode”
is defined as one whose rotational components /Θji are 0 at

Figure 1. Plan view of an asymmetric building
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every floor, and a “purely torsional mode” is defined as one
whose translational components /Xji and /Yji are 0 at every
floor. The tangent of wi, the angle of incidence of the prin-
cipal axis of the i-th modal response with respect to X-axis,
is

tanwi ¼ �
X
j

mj/Yji

,X
j

mj/Xji: ð6Þ

From Equation (6), the cosine and sine of wi are written as

coswi ¼
P
j

mj/Xji

, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
j

mj/Xji

 !2

þ P
j

mj/Yji

 !2
vuut

sinwi ¼ �P
j

mj/Yji

, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
j

mj/Xji

 !2

þ P
j

mj/Yji

 !2
vuut :

8>>>>>><
>>>>>>:

ð7Þ

Let the U-axis be the principal axis of the first modal
response, with the V-axis orthogonal to it, as shown in Fig-
ure 1. To formulate the equations of motion of the 2 equiva-
lent SDOF models, the following 4 assumptions are made.
Assumption 1. The principal directions of the first and sec-

ond modal responses are almost orthogonal. In other words,
the principal direction of the second modal response is almost
identical to the V-axis.
Assumption 2. The building oscillates predominantly in the

first mode under U-directional (unidirectional) excitation, and
predominantly in the second mode under V-directional excita-
tion.
Assumption 3. Assumption 2 remains valid even if the build-

ing oscillates beyond the elastic range if the change in the
mode vector in the non-linear stage is properly considered and
the U-axis is properly modified to correspond to the first mode
vector in the non-linear stage.
Assumption 4. Under bidirectional excitation, the response

of the building can be approximated by the sum of the contri-
butions of the first and second modal responses even if the
building oscillates beyond the elastic range.
From assumption 4, the displacement vector d(t) and restor-

ing force fR(t) can be written as

d tð Þ ¼ C1Uu1D1U
� tð Þ þ C2Vu2D2V

� tð Þ
fR tð Þ ¼ M C1Uu1A1U

� tð Þ þ C2Vu2A2V
� tð Þf g:

�
ð8Þ

In Equation (8), Γ1U is the participation factor of the first
mode with respect to the U-axis, and Γ2V is that of the second
mode with respect to the V-axis:

C1U ¼ uT
1MaU

uT
1Mu1

;C2V ¼ uT
2MaV

uT
2Mu2

; ð9Þ

aU ¼ cosw1 � � � cosw1 �sinw1 � � � �sinw1 0 � � � 0f gT:
aV ¼ sinw1 � � � sinw1 cosw1 � � � cosw1 0 � � � 0f gT

�
ð10Þ

The equivalent displacement D1U*(t) and acceleration A1U*
(t) of the first modal response with respect to the U-axis are
defined in Equation (11), while those of the second modal
response with respect to the V-axis are defined in Equa-
tion (12):

D1U
� tð Þ ¼ C1UuT

1Md tð Þ
M1U

� ;A1U
� tð Þ ¼ C1UuT

1 fR tð Þ
M1U

� ; ð11Þ

D2V
� tð Þ ¼ C2VuT

2Md tð Þ
M2V

� ;A2V
� tð Þ ¼ C2VuT

2 fR tð Þ
M2V

� ; ð12Þ

M1U
� ¼ C1U

2uT
1Mu1;M2V

� ¼ C2V
2uT

2Mu2: ð13Þ

In Equation (13), M1U* is the effective (equivalent) modal
mass of the first mode with respect to the U-axis, and M2V* is
the effective modal mass of the second mode with respect to
the V-axis. Note that the cosine and sine of wi in Equation (10)
depend on the first mode vector u1, as shown in Equation (7):
from assumption 3, the direction of the U-axis varies as the
first mode vector u1 changes in the non-linear range.
The equivalent damping coefficient C1U* of the first mode

with respect to the U-axis, and that of the second mode with
respect to V-axis, namely C2V*, are defined as

C1U
� ¼ C1U

2uT
1Cu1;C2V

� ¼ C2V
2uT

2 Cu2: ð14Þ

By substituting Equation (8) into Equation (1), Equa-
tion (15) is obtained:

M C1Uu1
€D1U

�
tð Þ þ C2Vu2

€D2V
�
tð Þ� �

þ C C1Uu1
_D1U

�
tð Þ þ C2Vu2

_D2V
�
tð Þ� �

þM C1Uu1A1U
� tð Þ þ C2Vu2A2V

� tð Þf g
¼ �M anagn tð Þ þ a1ag1 tð Þ� �

: ð15Þ

By multiplying both sides of Equation (15) by vector C1UuT
1

from the left-hand side, and considering Eqs. (16) and (17),
the equation of motion of the equivalent SDOF model repre-
senting the first modal response is obtained as shown in Equa-
tion (18):

uT
1Mu2 ¼ 0;uT

1Cu2 � 0; ð16Þ

cosDw ¼ cos w� w1ð Þ ¼ uT
1
Man

uT
1
MaU

sinDw ¼ sin w� w1ð Þ ¼ uT
1
Maf

uT
1
MaU

8><
>: ; ð17Þ

€D1U
�ðtÞ þ C1U

�

M1U
� _D1U

�
tð Þ þ A1U

� tð Þ
¼ � agn tð Þ cosDwþ ag1 tð Þ sinDw� �

:

ð18Þ

Figure 2 shows the equivalent SDOF model for the first
modal response.
The ground acceleration component agU(t) along the U-axis

is defined as

agU tð Þ ¼ agn tð Þ cosDwþ ag1 tð Þ sinDw: ð19Þ

Therefore, Equation (18) can be simplified as

€D1U
�
tð Þ þ C1U

�

M1U
� _D1U

�
tð Þ þ A1U

� tð Þ ¼ �agU tð Þ: ð20Þ

The equation of motion of the equivalent SDOF model rep-
resenting the second modal response is derived in the same
manner. By multiplying both sides of Equation (15) by vector
C2VuT

2 from the left-hand side and considering Equation (16),
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the following equation can be obtained:

€D2V
�
tð Þ þ C2V

�

M2V
� _D2V

�
tð Þ þ A2V

� tð Þ

¼ � uT
2Man

uT
2MaV

agn tð Þ þ uT
2Maf

uT
2MaV

ag1 tð Þ
� �

:

ð21Þ

Let w2 be the angle of incidence of the principal direction of
the second modal response with respect to the X-axis. Assump-
tion 1 can then be expressed as:

tanw1ð Þ tanw2ð Þ � 1: ð22Þ

From Equations (6) and (22), Equation (23) is obtained:

X
j

mj/Yj2

,X
j

mj/Xj2 ¼ � tanw2 �
1

tanw1

¼ cosw1

sinw1

: ð23Þ

Therefore, the following relationship is obtained:

uT
2
Man

uT
2
MaV

� � sinDw

uT
2
Maf

uT
2
MaV

� cosDw

8><
>: : ð24Þ

By substituting Equation (24) into Equation (21) and consider-
ing Equation (25), the equation of motion of the equivalent SDOF
model representing the second modal response is obtained as:

agV tð Þ ¼ �agn tð Þ sinDwþ ag1 tð Þ cosDw; ð25Þ

€D2V
�
tð Þ þ C2V

�

M2V
� _D2V

�
tð Þ þ A2V

� tð Þ ¼ �agV tð Þ: ð26Þ

In Equation (25), agV(t) is the ground acceleration compo-
nent along the V-axis.

2.2 Torsional index based on each modal shape

The following discussion focuses on the relationship between
assumptions 1 and 2 described in section 2.1 and the torsional
index based on each modal shape, as presented previously.25,53,63

The torsional index Rqi of the i-th mode is defined as:

Rqi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j

Ij/Hji
2

, X
j

mj/Xji
2 þ

X
j

mj/Yji
2

 !vuut : ð27Þ

From Equation (27), it is obvious that Rqi equals to 0 when
the i-th mode is the purely translational mode, whereas Rqi

becomes infinite when the i-th mode is the purely torsional
mode. Therefore, the terms “predominantly translational” and
“predominantly torsional” can be defined using Rqi: a “pre-
dominantly translational” mode is one for which Rqi < 1,
whereas a “predominantly torsional” mode is one for which
Rqi > 1.
A previous study of a single-story asymmetric building

model63 investigated the relationship between the model
parameters and the torsional indices of the 3 modes. The
parameters of a single-story asymmetric building model are (i)
the eccentricity ratios EX and EY (=eX/r and eY/r, respectively,
where eX and eY are the stiffness eccentricities, and r is the
radius of gyration of mass with respect to the center of mass)
and (ii) the radius ratios JX and JY of gyration of torsional
stiffness with respect to the center of stiffness in each orthogo-
nal direction (=jX/r and jY/r, respectively, where jX and jY are
the radii of gyration of torsional stiffness with respect to the
center of mass). The results of numerical investigations have
shown that the torsional indices Rqi (i = 1-3) of the 3 modes
depend strongly on the radius ratios JX and JY. In the case of
an asymmetric building model for which both JX and JY are
greater than unity, both Rq1 and Rq2 are less than unity, and
Rq3 is greater than unity. In contrast, in the case of an asym-
metric building model for which both JX and JY are less than
unity, Rq1 is greater than unity, and both Rq2 and Rq3 are less
than unity. In other words, when JX and JY are both greater
than unity, the first and second modes are predominantly trans-
lational, whereas the third mode is predominantly torsional.
Note that, in general, a system is classified as either TS or

TF according to the definition by Hajal and Chopra,64 which is
based on Ωh. However, in the present study, the classification
is made using the torsional indices Rq1 and Rq2 of the first and
second modes as in a previous study53 because Ωh can be eval-
uated rigorously only for single-story asymmetric buildings
(and multistory asymmetric buildings that satisfy certain condi-
tions). Herein, a building is classified as TS if Rq1, Rq2 < 1
and Rq3 > 1, or as TF if Rq1 > 1 and Rq2, Rq3 < 1.
First, the relationship between (i) the effective first modal

mass ratio m1U* with respect to the U-axis and (ii) the tor-
sional index Rq1 of the first mode is investigated. From
Eqs. (7), (9), (13), and (27), m1U* can be expressed as:

m1U
� ¼M1U

�P
j

mj
¼ 1P

j

mj
�

P
j

mj/Xj1

 !2

þ P
j

mj/Yj1

 !2

P
j

mj/Xj1
2þP

j

mj/Yj1
2

� 1

1þRq1
2
:

ð28Þ

This equation reveals that m1U* decreases if the first mode
is predominantly torsional (Rq1 > 1). Therefore, if the building
oscillates predominantly in the first mode under U-directional
(unidirectional) excitation, the first mode must be predomi-
nantly translational (Rq1 < 1).
Next, the relationship between (i) the effective second modal

mass ratio m2V* with respect to the V-axis and (ii) the tor-
sional index Rq2 of the second mode is investigated. The angle
of incidence w2 of the principal direction of the second mode
is related to w1 as follows:

w2 ¼ w1 þ Dw12: ð29Þ
In Equation (29), Dw12 is the angle between the principal

directions of the first and second modes. From Eqs. (7), (9),

Figure 2. Equivalent SDOF model (the first mode)
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(10), (13), (27), and (29), m2V* can be expressed as:

m2V
� ¼ M2V

�P
j

mj
¼ 1P

j

mj
�

P
j

mj/Xj2

 !2

þ P
j

mj/Yj2

 !2

P
j

mj/Xj2
2 þP

j

mj/Yj2
2

� 1

1þ Rq2
2
� sin2 Dw12ð Þ:

ð30Þ

This equation reveals that m2V* decreases if the second
mode is predominantly torsional (Rq2 > 1) or the sine of Dw12

is far from unity. Therefore, if the building oscillates predomi-
nantly in the second mode under V-directional excitation, the
second mode must be predominantly translational (Rq2 < 1)
and the sine of Dw12 must be close to unity. In summary, if
assumption 2 is suitable for an asymmetric building, the tor-
sional indices Rq1 and Rq2 of its first and second modes must
be less than unity and the sine of Dw12 must be close to unity.
Next, the relationship between the angle Dw12 and the tor-

sional indices Rq1 and Rq2 is discussed. As shown in a previ-
ous work,63 the following interesting relationship exists for a
single-story asymmetric building model:

cosDw12j j ¼ Rq1Rq2: ð31Þ

This equation is valid only for single-story buildings and
multistory asymmetric buildings that satisfy certain condi-
tions. However, Equation (31) suggests that the product
Rq1Rq2 must be close to 0 if assumption 1 is applicable to
the asymmetric building in question. As discussed above, the
effective modal mass ratios m1U* and m2V* increase as Rq1

and Rq2 approach 0. Therefore, if assumptions 1 and 2 both
are applicable, Rq1 and Rq2 must be less than unity, and the
product Rq1Rq2 must be close to 0. In other words, if
assumptions 1 and 2 both are applicable to a given asymmet-
ric building, it must be a TS building that satisfies the condi-
tions Rq1, Rq2 < 1 and Rq3 > 1.

2.3 Outline of MABPA53

2.3.1 Step 1: Pushover analysis of the asymmetric building model

(the first mode)

The non-linear properties of the equivalent SDOF model repre-
senting the first modal response, namely, the relationship
between the equivalent acceleration A1U* and equivalent dis-
placement D1U*, referred to as the capacity curve, are deter-
mined by the pushover analysis. In this analysis, the change in
shape of the first mode at each non-linear stage is considered.
In this article, DB-MAP analysis53 is applied.
The equivalent displacement nD1U* and acceleration nA1U*

at each loading step n are determined from Eqs. (32) and (33),
assuming that the displacement vector nd at each loading stage
is proportional to the first mode vector nC1Unu1 at each load-
ing stage:

nD1U
� ¼ nC1UnuT

1Mnd

nM1U
� ¼

P
j

mjnxj
2 þ mjnyj

2 þ Ijnhj
2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
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j
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 !2
vuut
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ð32Þ

nA1U
� ¼ nC1UnuT

1 nfR

nM1U
� ¼

P
j

nfRXjnxj þ nfRYjnyj þ nfMZjnhj
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
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ð33Þ
nd¼ nx1 � � � nxN ny1 � � � nyN nh1 � � � nhNf gT
nfR¼ nfRX1 � � � nfRXN nfRY1 � � � nfRYN nfMZ1 � � � nfMZNf gT

�
:

ð34Þ

2.3.2 Step 2: Prediction of the peak seismic response of the

equivalent SDOF model (the first mode)

The largest peak equivalent displacement D1U*max and equiva-
lent acceleration A1U*max are obtained from the given response
spectrum of ground motion (the relationship between pseu-
dospectral acceleration pSA and spectral displacement Sd) and
the capacity curve obtained in Step 1 using the equivalent lin-
earization technique.64 The equivalent period nT1eq and equiva-
lent damping ratio nh1eq of the equivalent SDOF model at each
loading step n are determined as:

nT1eq ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nD�

1U=nA
�
1U

q
; nh1eq ¼

X
k

ðnheqk � nWekÞ
	X

k

nWek;

ð35Þ

nheqk ¼
h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nKEQk=KEk

p
: nlk\1

0:25 1� 1=
ffiffiffiffiffiffiffi
nlk

p� �þ h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nKEQk=KEk

p
: nlk � 1

8><
>: :

ð36Þ

In Eqs. (35) and (36), nheqk, nWek, and nlk are the equivalent
damping ratio, potential energy, and ductility ratio, respec-
tively, of the k-th non-linear spring; nKEQk and KEk are the
equivalent (secant) stiffness at step n and initial stiffness,
respectively, of the k-th non-linear spring; and h0 is the initial
damping ratio, which is assumed as 0.03 in this work. Note
that an antisymmetric curvature distribution is assumed for
beams and columns to calculate nWek, whereas a symmetric
curvature distribution is assumed for structural walls. Note that
Equation (36) is modified from the equation shown in refer-
ence,65,66 considering the damping proportional to instant stiff-
ness as discussed by Yoshikawa et al.67

The spectral reduction factor F(nh1eq) relating to the equiva-
lent damping ratio nh1eq is determined as:

F nh1eq
� � ¼ pSA nT1eq; nh1eq

� �
pSA nT1eq; 0:05
� � ¼ SD nT1eq; nh1eq

� �
SD nT1eq; 0:05
� � ¼ 1:5

1þ 10h1eq
:

ð37Þ
In Equation (37), pSA(nT1eq, nh1eq) and SD(nT1eq, nh1eq) are the

pseudo-spectral acceleration and spectral displacement, respec-
tively, of the ground motion. In this study, the relationship
between pSA(nT1eq, nh1eq) and SD(nT1eq, nh1eq) is referred to as
the demand curve. To predict the “largest” peak response, the
same response spectra are used to predict the peak responses of
the first and second modes. The predicted peak responses
(D1U*max and A1U*max) are obtained as the intersection point of
the capacity and demand curves. Alternatively, the other equiv-
alent linearization technique and the inelastic response spectrum
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given in some codes6,10 may be used to obtain the peak
response of the equivalent SDOF model.

2.3.3 Step 3: Pushover analysis of the asymmetric building model

(the second mode)

From the results of steps 1 and 2, the first mode vector corre-
sponding to D1U*max, namely, C1Uieu1ie, is obtained. The sec-
ond mode vector, namely, C2Vieu2ie, is then determined from
Equation (38) in terms of C1Uieu1ie and the second mode vec-
tor in the elastic range, namely, u2e, considering the orthogo-
nality of the mode vectors:

C2Vie ¼ uT
2ieMaVie

uT
2ieMu2ie

;u2ie ¼ u2e �
uT
2eMu1ie

uT
1ieMu1ie

u1ie; ð38Þ

aVie ¼ sinw1ie � � � sinw1ie cosw1ie � � � cosw1ie 0 � � � 0f gT:
ð39Þ

Next, another pushover analysis of an MDOF model is car-
ried out to obtain the force-displacement relationship repre-
senting the second mode response by applying the invariant
force distribution p2 determined as:

p2 ¼ M C2Vieu2ieð Þ: ð40Þ

The equivalent displacement nD2V* and acceleration nA2V*
of the equivalent SDOF model representing the second modal
response at each loading step n are determined by

nD2V
� ¼ C2VieuT

2ieMnd

M2Vie
� ; nA2V

� ¼ C2VieuT
2ienfR

M2Vie
� ; ð41Þ

M2Vie
� ¼ C2Vie

2uT
2ieMu2ie: ð42Þ

In Equation (42), M2Vie* is the equivalent second modal
mass with respect to the V-axis, and it is determined in terms
of Γ2Vieφ2ie.

2.3.4 Step 4: Prediction of peak seismic response of the equiva-

lent SDOF model (the second mode)

The largest peak equivalent displacement D2V*max and the
equivalent acceleration A2V*max for the second modal response
are obtained using the equivalent linearization technique as
discussed in step 2. Note that the spectrum used in step 2 is
again used to predict the second mode response.

2.3.5 Step 5: Prediction of the largest peak seismic response at

each frame

From the results of steps 2 and 4, 4 combined force distribu-
tions, namely pU

+, pU
�, pV

+, and pV
�, are determined:

pU
� ¼ M C1Uieu1ieA1U

�
max � 0:5C2Vieu2ieA2V

�
maxð Þ

pV
� ¼ M �0:5C1Uieu1ieA1U

�
max þ C2Vieu2ieA2V

�
maxð Þ

�
:

ð43Þ

Next, pushover analyses (referred to as pushovers 1U and
2U, respectively) are performed using pU

+ and pU
� until the

equivalent displacement nDU* calculated from Equation (44)
reaches D1U*max as obtained in step 2:

nDU
� ¼ C1Uieu

T
1ieMnd



M1Uie

�; ð44Þ

M1Uie
� ¼ C1Uie

2uT
1ieMu1ie: ð45Þ

In Equation (45), M1Uie* is the equivalent first modal mass
with respect to the U-axis, and it is determined in terms of
Γ1Uieφ1ie. Similarly, pushover analyses (referred to as push-
overs 1V and 2V, respectively) are performed using pV

+ and
pV

� until the equivalent displacement nDV* calculated from
Equation (46) reaches D2V*max as obtained from step 4:

nDV
� ¼ C2Vieu

T
2ieMnd



M2Vie

�: ð46Þ

The largest peak response at each frame is determined from
the envelope of (i) pushovers 1U and 2U and (ii) pushovers
1V and 2V.

3. Numerical Example

3.1 Building and ground motion data

3.1.1 Building data

In this study, the 6 four-story asymmetric building models
shown in Figure 3 are investigated. In models 1-3, the struc-
tural walls are placed at perimeter frames: in model 1, the
structural walls are placed at frames Y1, Y4, and X1, whereas
in models 2 and 3, they are placed at frames Y1 and X1. In
contrast, in models 4-6, most of the structural walls are placed
at inner frames. Figure 4 shows the structural elevation of
model 1 as an example. The first story is 4.0 m tall, and the
upper stories are 3.6 m tall. The compressive strength rB of
concrete is assumed as 24 N/mm2. In addition, SD345 steel
(with a yield strength of ry = 345 N/mm2) is used for longitu-
dinal reinforcement and SD295 steel (ry = 295 N/mm2) is
used for shear reinforcement. The cross-sections of the beams
(from the second floor to the roof) and columns are
350 9 650 mm and 600 9 600 mm, respectively. The struc-
tural walls are 220 mm thick. The columns are assumed to be
supported at fixed ends by the foundation. The floor mass mj

and moment of inertia Ij (j = 1-4) are considered as 525 t and
4.37 9 104 t�m2, respectively. Each frame structure is
designed according to the strong column/weak beam concept:
the longitudinal reinforcement of the concrete sections is deter-
mined so that any potential hinges are located at the ends of
beams, the bottom of columns, or the structural walls in the
first story. Sufficient shear reinforcement is assumed to be pro-
vided to prevent premature shear failure. Table 1 presents the
longitudinal reinforcement of each member.
The base shear coefficient when the roof displacement

reaches 1/100 of the total height is obtained from the planar
pushover analysis. The base shear coefficients for model 1 in
each orthogonal direction are 0.532 in the X-direction and
0.455 in the Y-direction; for model 2, they are 0.522 (X) and
0.455 (Y); for model 3, they are 0.421 (X) and 0.455 (Y); for
model 4, they are 0.562 (X) and 0.479 (Y); for model 5, they
are 0.547 (X) and 0.479 (Y); and for model 6, they are 0.438
(X) and 0.479 (Y). The locations eX and eY of the center of
stiffness and stiffness eccentricity, respectively, and the radii
jX’ and jY’ of torsional stiffness with respect to the center of
stiffness are calculated at each story according to the linear
static analysis and procedures proposed by Bosco et al.68 The
eccentricity indices ReX and ReY (= eY/jX’ and eX/jY’, respec-
tively) defined by the Building Standard Law of Japan69 are
then calculated for each model. The ranges of ReX and ReY in
each story are as follows: ReX = 0 and ReY = 0.579-0.967
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(model 1); ReX = 0.345-0.772 and ReY = 0.554-1.252 (model
2); ReX = 0.173-0.507 and ReY = 0.574-1.270 (model 3);
ReX = 0 and ReY = 0.151-0.364 (model 4); ReX = 0.285-0.678
and ReY = 0.144-0.339 (model 5); and ReX = 0.065-0.263 and
ReY = 0.140-0.400 (model 6). Note that eccentricity indices
ReX, ReY are the largest in the first story and smallest in the
fourth story in all building models considered in this paper.
The building structures are modeled as a pseudo 3-dimen-

sional frame model in which the floor diaphragms are assumed
to be rigid in their own planes with no out-of-plane stiffness,
and the frames oriented in the X- and Y-directions are mod-
eled independently. A one-component model, with one non-lin-
ear flexural spring at each end and one non-linear shear spring
at the middle of the line element, is used for all beams,

columns, and structural walls. To determine the flexibility of
the non-linear flexural springs, an antisymmetric curvature dis-
tribution is assumed for the beams and columns, and a uniform
curvature distribution is assumed for the structural walls. For
the beams (except the boundary beam), the rigid zone length is
assumed as half the depth of the intersected column minus
one-fourth of the depth of the considered beam itself, while
the rigid zone length on the wall-side of the boundary beam is
assumed as half the column-center to column-center length of
the structural wall. For the columns, the rigid zone length is
assumed as half the depth of the intersected beam minus one-
fourth of the depth of the considered column itself, while for
the structural walls no rigid zone is considered at either end.
The effect of the orthogonal beams on the structural wall is
not considered.
Figure 5 shows the envelope curve for the force-deformation

relationship of each non-linear spring. The envelopes are
assumed to be symmetric in both the positive and negative
loading directions. The crack moment Mc, yield moment My of
each member, and crack shear strength Qc of each structural
wall are calculated according to the AIJ Design Guideline.70

Note that for calculating the crack and yield moments of the
columns and structural walls, only the axial force attributed to
the vertical load is considered to simplify the analysis. In Fig-
ure 5A, the secant stiffness degradation ratio ay of the flexural
spring at the yield point is assumed to be 0.25 for all beams
and columns, based on results obtained using Sugano’s equa-
tion.71,72 For the structural walls at the bottom of the first
story, ay is assumed to be 0.12, and for all other points, it is
assumed as 0.19, based on results of a fiber-model sectional
analysis. The tangent stiffness degradation ratio a2 of the flex-
ural spring beyond the yielding point is assumed to be 0.001
for all beams, columns, and structural walls. In Figure 5B, the
secant stiffness degradation ratio by of the shear spring at the
yield point is assumed to be 0.16, based on the results obtained
using Sugano’s equation.71,72

The Muto hysteresis model73 with 1 modification is used to
model the flexural springs, as shown in Figure 6A. Specifically,
the unloading stiffness after yielding decreases in proportion to
l�0.5 (l is the ductility of the flexural spring) to represent the
degradation of the unloading stiffness after yielding of the RC

Figure 3. Plan views of 6 model buildings

Figure 4. Elevations of building model-1

Table 1. Longitudinal reinforcement of each member

Member Location Reinforcement

Boundary beam 2nd floor to roof 6-D25 (top and bottom)

Beam 4th floor and roof

2nd to 3rd floor

3-D25 (top and bottom)

4-D25 (top and bottom)

Column 2nd to 4th story

1st story

20-D29 (top and bottom)

20-D29 (top), 8-D29 (bottom)

Structural wall All stories D10@200Double
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members, as in the model of Otani.74 The origin-oriented model
(Figure 6B) is used to model the shear spring of a structural
wall; the shear springs of beams and columns are assumed to be
elastic. The axial stiffness of the columns and walls is assumed
to remain elastic, and the effects of biaxial bending and axial-
flexural interaction are ignored. The torsional stiffness of the
members is also ignored. No second-order effects (eg, the P-D
effect) are considered. The damping matrix is assumed to be pro-
portional to the instant stiffness matrix, with 3% of the critical
damping of the first mode.
Figure 7 shows the natural modes of the building models in

the elastic range. Here, Tie is the i-th natural period in the elas-
tic range (i = 1-3); wie is the angle of incidence of the princi-
pal direction of the i-th modal response in the elastic range;
and Rqie is the torsional index of the i-th mode in the elastic
range. As shown in Figure 7 A-C for models 1-3, respectively,
the first mode is predominantly translational (Rq1e = 0.501-
0.555 < 1); the second mode is almost purely translational
(Rq2e = 0.000-0.119 � 1); and the third mode is predomi-
nantly torsional (Rq3e = 1.584-1.976 > 1). Therefore, these 3
building models are classified as TS. In contrast, as shown in
Figure 7D-F for models 4-6, respectively, the first mode is pre-
dominantly torsional (Rq1e = 1.271-2.553 > 1), while the sec-
ond mode is almost purely translational (Rq2e = 0.000-
0.295 � 1), and the third mode is predominantly translational
(Rq3e = 0.385-0.782 < 1). Therefore, these 3 building models
are classified here as TF.
In addition, the angles between the principal directions of

the first 2 modes are close to 90° in models 1-5: Dw12 = 86.1-
90.5° (models 1-3) and Dw12 = 90.0-90.5° (models 4 and 5).
However, Dw12 = 55.1° in model 6; therefore, assumption 1
(ie, that the principal directions of the first and second modal
responses are almost orthogonal) is not suitable for model 6.

3.1.2 Ground motion data

In this article, the seismic excitation is bidirectional in the X-
Y plane, and 3 sets of artificial ground motions are generated.
Note that these 3 sets are the same as those used in a previous
work.53 The response spectra of the major and minor compo-
nents are assumed to be identical in this work. The target elas-
tic spectrum of the major and minor components with 5%
critical damping—namely pSAξ (T, 0.05) and pSAf (T, 0.05),
respectively—as determined from the Building Standard Law
of Japan69 for an extremely rare earthquake event considering
type-1 soil (rock) is calculated using Equation (47), where T
represents the natural period of the SDOF model:

pSAnðT ; 0:05Þ ¼ pSAfðT ; 0:05Þ

¼
4:8þ 45Tm/s2 : T 	 0:16s

12:0 : 0:16s\T 	 0:576s

12:0ð0:576=TÞ : T [ 0:576s

8><
>: :

ð47Þ

The phase angle is given by uniform random values and the
Jenning-type envelope function e(t) proposed by the Building
Center of Japan75,76:

e tð Þ ¼
t=5ð Þ : 0s	 t	 5s

1 : 5s\t	 35s

exp �0:027 t � 35ð Þf g : 35s\t	 120s

8<
: : ð48Þ

Figure 8 shows the elastic response spectra of artificial
ground motions with 5% critical damping. Note that the artifi-
cial ground motions used in this study are generated indepen-
dently, that is, there is no correlation between each
component. The correlation coefficients of all 3 sets are close
to 0, although the envelope functions of the 2 components are
the same; therefore, the 2 components can be considered inde-
pendently of each other.
In this study, the angle of incidence w of the major compo-

nent with respect to the X-axis is varied at intervals of 15°
from (w1ie � 90)° to (w1ie + 75)°, where w1ie is the angle of
incidence of the U-axis corresponding to the predicted peak
response D1U*max of the first mode. Note that in this study,
case (w1ie + 90)° is not included in the time-history analysis
cases because that result is identical to that of case
(w1ie � 90)°. Therefore, 3 9 12 = 36 cases are considered for
the non-linear time-history analyses of each building model.

Figure 5. Envelopes of the force-deformation relationship

Figure 6. Hysteresis model for the nonlinear spring

Jpn Archit Rev | January 2018 | vol. 1 | no. 1 | 37

wileyonlinelibrary.com/journal/jar3 FUJII



3.2 Prediction of peak responses

Figure 9 shows the predicted peak responses of the equivalent
SDOF models representing the first and second modal
responses; these responses were obtained by employing the
equivalent linearization technique. As shown in this figure, the
predicted peak equivalent accelerations A1U*max of the first
mode of models 4 and 6 are higher than those of the other
models. This is because, as discussed later, the effective first
modal mass of models 4 and 6 is significantly smaller than that
of each of the other models.

3.3 Comparisons of analysis results

Figure 10 compares the peak displacement at the roof
obtained from dynamic analysis results and the predicted
peak response for each building model. As shown in Fig-
ure 10A-C for models 1-3, respectively, the predicted peak
responses agree well with the time-history analysis results
except for frame X1. In contrast, as shown in Figure 10D

and F for models 4 and 6, respectively, the predicted peak
responses fail to agree with the time-history analysis results;
in particular, the predicted peak responses in the Y-direction
significantly underestimate the time-history analysis results.
Meanwhile, for model 5, as shown in Figure 10E, the pre-
dicted peak responses for frames Y1 and Y2 significantly
underestimate the time-history analysis results, although the
predicted peak responses in the Y-direction agree well with
the time-history analysis results.
Figure 11 compares the peak story drift at the flexible side

edge frames (frames Y4 and X6) obtained from the time-his-
tory analyses and the predicted peak response for each build-
ing model. As shown in Figure 11A-C for models 1-3,
respectively, the predicted peak responses agree satisfactorily
with the time-history analysis results. In contrast, as shown
in Figure 11D and F for models 4 and 6, respectively, the
predicted peak responses underestimate the average of the
time-history analysis results for the flexible edge frame in
the X-direction (frame Y4). Meanwhile, for model 5 as
shown in Figure 11E, the predicted peak responses agree
well with the time-history analysis results for both flexible
side edge frames.

4. Applicability of the Equivalent SDOF Model Based on
the Torsional Index

The numerical results shown above indicate that the predicted
peak responses agree well with the time-history analysis results
for models 1-3, which are classified as TS in the elastic range.
Meanwhile, for models 4-6, which are classified as TF in the
elastic range, the accuracy of the predicted results is not as
good. In the following paragraphs, the suitability of the pre-
sented MABPA for the 6 building models is examined based
on the torsional index Rqi of each mode.

Figure 7. Shapes of the first 3 natural modes of the building models in the elastic range

Figure 8. Elastic acceleration response spectra
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From the DB-MAP analysis in MABPA step 1, the second
and third mode vectors at step n—nu2 and nu3, respectively—
are calculated in terms of the displacement vector nd at step n
and the second and third mode vectors—u2e and u3e, respec-
tively— in the elastic range:

nu2 ¼ u2e �
uT
2eMnu1

nuT
1Mnu1

nu1 ¼ u2e �
uT
2eMnd

nd
TMnd

nd; ð49Þ

nu3 ¼ u3e �
uT
3eMnd

nd
TMnd

nd� uT
3eMnu2

nuT
2Mnu2

nu2: ð50Þ

Next, the torsional index nRqi of the i-th mode at loading
step n and the cosine of the angle Dnw12 between the principal
direction of the first and second modes at step n are calcu-
lated:

nRqi ¼
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Figure 12 shows the change in nRqi at each loading step of
each building model. The dots “●” in this figure correspond to
the predicted peak responses D1U*max of the first mode, as
estimated by MABPA.
As shown in Figure 12A for model 1, nRq1 is 0.501-0.621,

nRq2 is constantly 0, and nRq3 is 1.60-1.97. As shown in Fig-
ure 12B for model 2, nRq1 is 0.555-0.591, nRq2 is 0.023-0.033,
and nRq3 is 1.50-1.58. A similar trend can be found in Fig-
ure 12C for model 3. In contrast, as shown in Figure 12D-F
for models 4-6, respectively, nRq1 is greater than 1.0 from the
elastic range to the predicted peak: for models 4 and 6 inFigure 9. Predicted peak responses of equivalent SDOF models

Figure 10. Comparisons of the peak roof displacement at each frame
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particular, nRq1 corresponds to the predicted peaks at 3.00 and
2.27, respectively. Therefore, models 1-3 are classified as TS
from the elastic range to the predicted peak, whereas the others
are classified as TF.
Figure 13 shows |cosDnw12| and the product nRq1nRq2 evalu-

ated from the pushover analysis results for each building
model. As shown in Figure 13A-C for models 1-3, respec-
tively, the values of |cosDnw12| are very small (< 0.06) from
the elastic range to the predicted peak. This implies that the
angle Dnw12 varies within the range 86.6-93.5°. Therefore,
models 1-3, which are classified as TS, satisfy the condition
that the principal directions of the first and second modes are
close to orthogonal throughout the response. Similarly, as
shown in Figure 13D and E for models 4 and 5, respectively,
the values of |cosDnw12| are very small (< 0.02) from the elas-
tic range to the predicted peak. Therefore, for models 4 and 5,
the principal directions of the first and second modes are close
to orthogonal. However, as shown in Figure 13F for model 6, |
cosDnw12| within 0.5-0.6, which implies that Dnw12 varies
within the range 53.1-60.0°. Therefore, model 6 is the only
model that does not satisfy the condition that the principal
directions of the first and second modes should be close to
orthogonal throughout the response.
Note that as shown in Figure 13A-F, the behavior of the

product nRq1nRq2 agrees well with that of |cosDnw12|. This
implies that Equation (31) is valid for the building models
considered in this article, and therefore that Equation (31) is
useful for evaluating the orthogonality of the principal direc-
tions of the first and second modes.
Figure 14 shows the effective modal mass ratios m1U*ie and

m2V*ie corresponding to the predicted peak D1U*max. For mod-
els 1-3, m1U*ie is 0.605-0.666, and m2V*ie is 0.784-0.787.
Therefore, these 3 TS building models satisfy the condition
that the models oscillate predominantly in the first mode under
U-directional excitation and predominantly in the second mode
under V-directional excitation. In contrast, m1U*ie is 0.084-
0.358 for models 4-6. Therefore, for these TF building models,
the contribution of the responses of higher modes may be sig-
nificant under U-directional excitation. In addition, m2V*ie is
0.545 for model 6, which is the smallest value for all the

Figure 11. Comparisons of peak story drift at flexible edge frames

Figure 12. Variations in Rqi based on the pushover analysis
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models. This is attributed to the fact that the principal direc-
tions of the first and second modes are not orthogonal.
In conclusion, the 3 building models whose peak responses

are predicted satisfactorily by MABPA53 are classified as TS
buildings from the elastic range to the peak response. In
contrast, the models whose peak responses are underesti-
mated by MABPA are classified as TF buildings. The rea-
sons why the MABPA prediction fails for the TF buildings
are that (i) the principal directions of the first and second

modes may not be orthogonal, and (ii) the contribution of
higher modes is significant.

5. Discussions and Conclusions

In this article, the theoretical background of MABPA, which
was proposed earlier by the author,53 was summarized, and the
relationship between its applicability and the torsional indices,
Rq1, Rq2, and Rq3, of the first 3 modes was discussed. Non-lin-
ear time-history analyses were performed numerically for 6
four-story RC asymmetric frame buildings with regular eleva-
tions under various directions of seismic input, and the results
were compared with theoretical predictions. The primary find-
ings of the present study are summarized as follows.

1. The fundamental assumptions of MABPA—(i) the principal
directions of the first and second modal responses are
almost orthogonal and (ii) the building oscillates predomi-
nantly in each orthogonal direction—are strongly related to
the torsional indices Rq1 and Rq2. If both assumptions are
applicable to an asymmetric building, it must be a TS
building that satisfies the conditions Rq1, Rq2 < 1 and
Rq3 > 1.

2. For the 6 asymmetric building models investigated herein,
the peak response was predicted satisfactorily by MABPA
for those building models classified as TS from the elastic
range to the predicted peak response. However, for those
building models classified as TF, the results predicted by
MABPA were significantly underestimated compared to the
time-history analysis results. This was because (i) the prin-
cipal directions of the first and second modes may not have
been orthogonal, and (ii) the contribution of higher modes
was significant.

Based on the primary findings above, the application of
MABPA should be limited to building model classified as TS:
the torsional indices, Rq1, Rq2, and Rq3, are key parameters to
evaluate the applicability of MABPA. Note that the conclu-
sions drawn here are limited to an asymmetric building model
with regular elevation that is designed according to the weak
beam/strong column concept. However, as shown in a previous
work,55 the peak response of an asymmetric building with
bidirectional setbacks that satisfies the conditions Rq1, Rq2 < 1
and Rq3 > 1 is successfully predicted by MABPA. Therefore,
the conclusions drawn here can be extended to more general
irregular buildings. Further work is needed to determine the
applicability criteria of MABPA. Future work can aim to
improve the prediction accuracy at the stiff-side frames by
considering the third and higher modes.
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